Based on a two-dimensional (2-D) fluid model, the transition processes of discharges in a hollow cathode at low pressure are observed by changing three parameters, i.e., applied voltage U 0 , gas pressure p, and external circuit ballast resistance R b . The voltage-current characteristic curves, electron density distributions, and electric potential distributions of different discharge operating points in a hollow cathode are obtained. The transition processes are characterized by the voltage-current characteristic curves, the electron density distributions, and the electrical potential distributions. The transition modes observed from the voltage-current characteristics include the low-current abnormal mode, normal mode, and high-current abnormal mode. Increasing the applied voltage U 0 can have a similar effect on the discharge transition processes to decreasing the ballast resistance. By increasing U 0 from 200 V to 500 V and decreasing R b from 5000 kX to 100 kX independently, it is observed that the discharge transfers from the outside to the inside of the hollow cavity, thus forming the virtual anode potential. By increasing the gas pressure p from 50 Pa to 5 kPa, the discharge also moves into the hollow cavity from the outside; however, a further increase in the gas pressure leads to the discharge escaping from the hollow cavity. Simulation results and characterizations for different parameters are presented for the transition properties of low-pressure discharges in a hollow cathode. It is verified that the hollow cathode discharge only exists under certain ranges of the above parameters. Published by AIP Publishing.
I. INTRODUCTION
Discharges between a cathode which contains a hollow structure and an arbitrarily shaped anode are generally called hollow cathode discharges, which have many applications in various fields, such as light sources, 1-3 gas lasers, 4-6 surface treatment, 7, 8 sterilization, 9, 10 and electric propulsion.
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The typical low-pressure discharge with a hollow cathode effect usually has advantages of higher concentrations of electrons and ions and lower breakdown and operating voltages compared with traditional normal glow discharges. 14, 15 However, for hollow cathode discharges at low pressure, they are not necessarily localized inside the hollow cathode. In other words, the so-called hollow cathode effect usually has special requirements for the discharge conditions, such as the external circuit parameters, gas pressure, and hollow cathode geometrical size; there will be a transition process in the hollow cathode discharge when parameters are changed continuously. By changing the discharge conditions, the transition process of the hollow cathode discharge can be observed at different modes. Research on hollow cathode discharges has grown in recent decades, and the transition properties and mechanisms of the hollow cathode discharge were also largely investigated. [16] [17] [18] [19] [20] [21] [22] In 1959, White reported the phenomenon of voltage discontinuity in neon at $100 Torr when the glow transfers from the face of the cathode to the cavity interior in a current-driven submillimeter spherical hollow cathode. 16 Schoenbach et al. investigated different modes in hollow cathode discharges through measuring the voltage-current characteristics and light emissions. 17 Based on a fluid model, Boeuf et al. investigated the transition from a xenon glow discharge localized inside the hollow cathode to a glow discharge spreading along the outer cathode surface in a microhollow cathode discharge. 18 Kushner calculated the influence of pd (pressure Â characteristic dimension) on the transition behavior in neon in a pyramidal cathode. 19 Ouyang's group investigated four transition regions in a low-current hollow cathode discharge, from Townsend to abnormal glow discharge, and also experimentally found that the hollow cathode effect can be achieved by the transition from the abnormal glow discharge. [19] [20] [21] [22] Although many researchers have investigated the transition processes through experiments on the external discharge properties, including voltage-current characteristics, light emission, or simulations on the inner discharge properties, the transition processes were investigated under some limited conditions. It would clarify the transition characteristics of low-pressure hollow cathode discharges if the external and interior properties are presented simultaneously with a comparison.
In this paper, the influences of external voltage, gas pressure, and ballast resistance on the transition processes a) Author to whom correspondence should be addressed: johnv@egr.msu.edu are investigated. The simulations are carried out based on a 2-D fluid model coupled with an external circuit for a given hollow cathode gap with argon gas. By changing the discharge parameters, i.e., external applied voltage, gas pressure, and ballast resistance, discharges shifting between the inside and outside of the hollow cavity are observed. The transition characteristics of the hollow cathode discharge are identified by comparing the external discharge properties, such as voltage-current characteristic curves, and corresponding interior parameters, such as electron density distributions, electric potential distributions, at different operating points.
II. MODEL DESCRIPTION
The structure of the hollow cathode discharge in our simulation is shown in Fig. 1 . The anode is a parallel plane electrode with a radius r a , and the gap distance between the anode and the cathode gate is d. In order to investigate the transition processes when the discharge moves from the outside towards the inside of the hollow cathode, it is assumed that the hollow cathode edge thickness is r a /2. The inner diameter of the hollow cathode is D and the depth of the hollow cathode is h. In the simulation, the anode radius r a is 2 cm, the gap distance d is 2 cm, the hollow cathode depth h is 3 cm, and the inner diameter D is 2 cm. The external direct current (dc) voltage source U 0 is applied on the anode through a series ballast resistor R b and the hollow cathode is grounded.
Argon is chosen as the working gas, and typical pure argon plasma processes are considered. Four species, electrons (e), argon ions (Ar þ ), excited argon atoms (Ar*), and ground state argon atoms (Ar), are included. The different excited levels for argon atoms are combined into one collective level for simplicity. 21, 23 The basic plasma reactions in the discharge volume include (R1) elastic collision e þ Ar ! e þ Ar, (R2): excitation e þ Ar ! e þ Ar * , (R3): de-excitation e þ Ar * ! e þ Ar, (R4): ionization by single collision e þ Ar ! 2e þ Ar þ , (R5): , respectively, which are widely used in argon plasma predictions. [28] [29] [30] The fluid model consists of the species continuity equations, the electron energy equation, and the Poisson equation.
The continuity equation for each species is as follows:
where n k represents the electron density, ion density, or excited atom density when k is e, i, or m, respectively. C k is the flux density of specie k, and S k is a net source term containing the production and destruction of specie k in plasma reactions. 21, 28 The flux density for specie k is
where E is the electric field, l k is the mobility, and D k is the diffusion coefficient. The symbol d ¼ q k =e, which can also account for multiply charged ions, is a sign function and its value is þ1, À1, or 0 for the ion, electron, or excited argon atom, respectively. 21, 25 The electron mobility l e and ion mobility l i are taken from Ref. 46 . The diffusivities of electrons and ions are computed from Einstein's relation. 25 The source term S k can be expressed as
where N n is the number density of target species in the j-th reaction. k j is the j-th reaction rate coefficient which can be obtained from the cross sectional data as follows:
where c ¼ ffiffiffiffiffiffiffiffiffiffiffiffi ffi 2e=m e p is a constant, and r j ðeÞ is the cross sectional data for the j-th reaction. f ðeÞ is the assumed electron energy distribution function (EEDF). 25, 26 The mean electron energy transport equation is as follows:
where n e is the mean electron energy density, C e is the mean electron energy flux, and S e is the mean electron energy source term. 25, 26 The mean electron energy flux is expressed as
The mean electron energy source term is expressed as 
where De j is the energy loss in the j-th reaction and q e is the elementary charge. The Poisson equation is as follows:
where u is the electric potential, e 0 is the permittivity of vacuum, and e r is the relative permittivity of argon. 25, 31 Assuming no reflection, the electron flux normal to the electrodes is given by C e ¼n e Áv th /2-cÁC i , where c is the secondary electron emission coefficient and v th is the electron thermal velocity. The secondary electron emission coefficient c is assumed to be 0.1 for the cathode and 0 for the anode. 24, 30 It is assumed that the initial charge densities of the electrons and the positive ions are equal and uniformly distributed in the gap. The initial mean electron energy in the computational domain is set to 4 eV. It is assumed that electrons, excited atoms, and ions become attached to the surface of the non-cathode wall. 31, 32 The electric potential u is obtained from u¼U 0 -IÁR b at the anode (where I is the total discharge current) and u ¼ 0 at the cathode.
Note that in the model of the discharge, cathode sputtering and gas heating are neglected since the current densities are relatively low (<1 mA/cm 2 ). 33 The Maxwellian EEDF was used to calculate the rate coefficients of electron impact reactions. The nonlocal effects from fast electrons are not included as a consequence of the local approximation. [34] [35] [36] The treatment of the sheath is less quantitatively accurate due to the lack of depletion of the EEDF tail for high energies. For more accurate modeling, the fluid model coupled with the Monte Carlo model, e.g., a hybrid model, is required. [37] [38] [39] However, the fluid model is less time consuming way of calculating the source term that adds an electron energy equation to the electron continuity and drift-diffusion equations. Although this approach is not as accurate as the hybrid model, the fluid model for hollow cathode discharges can be useful to provide qualitative trends in many cases. 18, [40] [41] [42] [43] [44] Also, the transient evolution of the discharge toward steady state can be very time consuming in the hybrid model, and the fully fluid model can be first used to approach the steady state. The present fluid model is less computationally expensive and can successfully predict the existence of the transition characteristics of discharges in a hollow cathode.
The governing equations of the fluid model were solved by the commercial software, Comsol Multiphysics, which was validated by comparing the results with our previous experiments. 45 Since the structure of the hollow cathode is axisymmetric, the r-z coordinate system is selected and the computational domain (r-z plane) labeled with pink color is shown in Fig. 1 .
III. RESULTS AND DISCUSSION
According to the classical gas discharge theory, the external voltage, gas pressure, and ballast resistance will all have significant impact on the operating point of a gas discharge. In order to fully investigate the impact of different parameters, external voltage U 0 , gas pressure p, and ballast resistance R b were changed separately in the model. In all simulated cases, the results show the steady state of the discharge. The influence of each parameter on the transition processes of discharges in the hollow cathode is illustrated in the following. Figure 2 shows the voltage-current characteristics of the discharges by varying U 0 from 200 V to 500 V while the pressure p is kept at 100 Pa and R b is kept at 100 kX. The shape of the obtained voltage-current characteristic curve is quite similar to the result from Boeuf et al. 18 The sustaining voltages are from 190 V to 250 V. The voltage-current curves can be generally classified into three regions. The applied voltage for operating points A, B, and C is 260, 300, and 500 V, respectively. Before operating point A, the gap voltage increases quickly as the current increases, resulting in a relatively large positive differential resistance. In this region, the discharge usually turns out to be a Townsend discharge or a weak glow discharge. Due to a positive differential resistance, the discharge in this region is also defined as a low-current abnormal mode. Figure 3 shows that the peak electron density of operating point A is mainly distributed outside the hollow cathode. From the operating point A to B, the gap voltage drops as the current increases, showing a negative differential resistance for region AB, which was attributed by Schoenebach et al. to the onset of the classical hollow cathode effect. 15, 17, 18 As is shown in Fig. 3 , the peak electron density position of point B moves to the inside of the hollow cavity, which also indicates that the main discharge area transits from the outside to the inside of the hollow cathode. However, for microhollow cathode discharges at high pressure, the discharge at this turning point starts to spread on the cathode outside the hole, depending on the geometrical size and gas pressure. 18 From Figs. 2 and 3 , it can be seen that the electron density of point B is much higher than that of A even though the gap voltage of B is lower than that of A. It is due to the obvious hollow cathode effect accompanying a higher efficiency in ionization inside the cathode cavity. 18, 47 In the region between B and C, the gap voltage is constant at first and then increases with increasing current. Thus, the discharges in region BC include   FIG. 2 . Voltage-current characteristic curve of discharges in the hollow cathode gap for p ¼ 100 Pa and R b ¼ 100 kX.
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Fu et al. Phys. Plasmas 24, 083516 (2017) the normal glow mode where gap voltage remains constant as the current varies and abnormal glow mode (also called high-current abnormal mode) where gap voltage increases as the current increases. As shown in Fig. 3 , for point C, the peak electron density position shifts to the center (z %1.5) of the hollow cavity and the electron density is much higher than those of both A and B, which is due to the more pronounced hollow cathode effect. Figure 4 shows the electric potential distribution of the operating points A, B, and C. For the electric potential of A, as is shown in Fig. 4(a) , the potential is weakly distorted near the top of the cathode cavity, which is considered the onset of virtual anode formation. As the external voltage increases, the distortion increases, as is shown in Figs. 4(b) and 4(c), forming a typical virtual anode potential inside the hollow cathode. As the virtual anode is completely formed in Fig. 4(c) , the cathode fall layer and electric field align in the radial direction, which is one of the most significant features of the hollow cathode discharge.
In order to present the main characteristics of the typical hollow cathode discharge, the radial distributions of the typical discharge parameters at operating point C are shown in Fig. 5 , where r ¼ 0 represents the central axis and r ¼ 1 represents the boundary position of the hollow cavity. Figure  5(a) shows the radial distribution of the electric potential at z ¼ 1.5 cm, and it can be seen that the electric potential is constant around 253 V in the central region. Between the virtual anode and the cathode boundaries is the cathode fall layer. The electric potential drops quickly near the cathode boundaries, which indicates a strong radial electric field, as is shown in Fig. 5(b) , and the electric field also decreases near the boundaries. Due to the acceleration of electrons in this strong electric field, the high energy electrons are mainly localized in the cathode sheath, which is also shown in Fig.  5(c) . Outside the cathode fall, the electron temperature is relatively low and the electric field becomes very weak, which is due to the quasineutral characteristics of the corresponding region. Figure 5(d) shows that the ion density is much higher than the electron density in the cathode fall region, while the ion density is almost equal to the electron density in the negative glow region. The excited atom density in the axial region is much higher than in the rest of the space. According to the classical glow discharge theory, it is usually considered that the position of the negative glow peak coincides with the edge of the cathode fall region. 48, 49 The excited atoms distribute in the r direction with only one peak value at the axis, which indicates that the negative glow region fills the core of the hollow cathode. From the above results, it is confirmed that the discharge at operating point C has a clear hollow cathode effect.
As for the influence of gas pressure on the transition processes, it cannot be determined through the voltage-current characteristic curves. Even though the parameters U 0 and R b of the external circuit are kept constant, the gap voltage U gap and the discharge current I vary dependently according to U gap ¼U 0 -IÁR b at different pressures, which results in different steady state operation points. Taking U 0 ¼ 500 V and R b ¼ 100 kX for example, the function of the voltage-current characteristic curve should be U gap ¼U 0 -IÁR b ¼500 V-100 kXÁI, which is a straight line in a plot. Hence, the transition processes of the gas discharge in the hollow cathode can be identified by inner parameter distributions, especially the electric potential distributions.
Figures 6-8 present the influence of the gas pressure on the transition processes as the gas pressure changes from 50 Pa to 5 kPa. Figure 6 shows the external discharge characteristics. There are four parameter relations, i.e.,
, among the gap voltage U gap , discharge current I, gas pressure p, and reduced discharge current I/p 2 . Note that we used I/p 2 instead of j/p 2 (where j is the current density) since the current density is not uniformly distributed on the hollow-structured cathode. According to the function U gap ¼U 0 -IÁR b ¼500 V-100 kXÁI, the first relation, U gap ¼ f 1 (I), should be a straight line. The simulation result of f 1 (I), as is shown in Fig. 6(a) , is consistent with the analytical solution. However, this result cannot tell explicit characteristic information of the transition processes, and three more parameter relations are presented here. The second relation curve, I ¼ f 2 (p), shows the discharge current I against gas pressure p. As the pressure increases, the current increases and reaches the maximum current at 3.65 mA; however, a further increase in gas pressure is accompanied by a decrease in a discharge current. The third curve, U gap ¼ f 3 (p), shows an "U" shaped relation between the gap voltage and the gas pressure, which also indicates that the gap voltage of a discharge in the hollow cathode mode is lower than that of other operating points, and, correspondingly, the discharge current reaches its maximum. This feature is similar to the simulation result from Kushner varying the gas pressure in a pyramidal cathode. 19 The minimum value of the gap voltage is about 135 V. The result tells that, when the discharge enters the hollow cathode, the gap voltage decreases as the current increases owing to higher conductivity due to increased ionization efficiency; however, when the discharge evacuates from the hollow cathode, the gap voltage increases as the current decreases owing to lower conductivity due to decreased ionization efficiency. According to the previous results, discharges in the hollow cathode are expected to follow the Allis-White similarity law, U gap ¼ f(pD, j/p), from White et al., 16 or the general similarity law, i.e., U gap ¼ f(pD, j/p 2 ) from Little and von Engel. 50 As we mentioned before, I/p 2 is used instead of j/p 2 . The latter is more commonly used in the "one-dimensional" diffuse mode of the discharge that uniformly covers the entire area of the cathode. In fact, it was verified that the discharge voltage U gap scales more or less with I/p 2 , as expected for glow discharges. 49 Figure 6(b) shows a plot of
). It is found that, by increasing the gas pressure from 50 Pa to 5 kPa, the gap voltage decreases as I/p 2 increases at first, then the gap voltage decreases as I/p 2 decreases, and later the gap voltage starts to increase as I/p 2 decreases. The influence of gas pressure on the transition processes cannot be generally characterized by the voltage current curves. Figure 7 shows the axial electron density distributions of the five operating points A, B, C, D, and E with gas pressures at 60, 100, 500, 1000, and 2000 Pa, respectively. The discharge forms outside the cathode gate when the pressure is relatively low, A at 60 Pa, while for B, the peak electron density moves into the hollow cavity, entering the hollow cathode discharge mode. For further increase of the gas pressure, C at 500 Pa as well as D at 1 kPa, the high electron density position starts to extend beyond the cavity. When the gas pressure is up to 2 kPa, point E, the peak electron density position evacuates to the outside of the cathode gate. Figure  8 shows the 2-D electric potential distributions of the five operating points. By changing the gas pressure, the transition characteristics of the electric potentials are observed. The virtual anode potential moves into the hollow cavity and then escapes from the hollow cavity as the pressure increases from 60 Pa to 5 kPa, which is also in agreement with the results shown in Fig. 7 . The pD value for the hollow cathode discharge here is about 10 PaÁm % 7.5 TorrÁcm, which is in agreement with the experimental range: pD < 10 TorrÁcm, of argon hollow cathode discharges. 14, 15 Discharges inside the hollow cathode only exist in a certain range of gas pressure, and the influence of gas pressure on the transition processes can be determined by inner parameter distributions, such as electron density distribution and electric potential distributions. Figure 9 shows the voltage-current characteristic of discharges in the hollow cathode by decreasing the ballast resistance from 5000 kX to 100 kX, while keeping external dc voltage U 0 at 500 V and gas pressure p at 100 Pa unchanged. The obtained voltage-current characteristic curve also has three regions, which indicates that discharges are moving through different transition modes. The ballast resistances at the turning points A, B, and C are 800 kX, 400 kX, and 100 kX, respectively. This result is similar to the result in Fig. 2 . Figures 10 and 11 show the axial electron density distributions and electric potential distributions of operating points A, B, and C. Note that the electron density distributions and the electric potential distributions are also quite similar to the corresponding results in Figs. 3 and 4 . Thus, for low-pressure discharges in the hollow cathode gap, decreasing the ballast resistance can have a similar effect on the discharge transition processes to increasing the external voltage.
IV. CONCLUSIONS
Based on a 2-D fluid model coupled with an external circuit, the influences of external applied voltage, gas pressure, and ballast resistance on transition processes are investigated for a given hollow cathode gap in low pressure argon. The transition properties are characterized by voltage-current characteristic curves, electron density distributions, and 2-D electric potential distributions. By increasing the applied voltage U 0 from 200 V to 500 V or decreasing the ballast resistance R b from 5000 kX to 100 kX, the voltage-current characteristic curves usually include the low-current abnormal mode, the negative differential resistance region, the normal mode, and the high-current abnormal mode. The discharge in the transition process gradually moves into the hollow cavity from the outer side, forming a virtual anode potential. The highest electron density inside of the hollow cavity is much higher than that of a discharge outside of the hollow cavity. By changing the gas pressure from 50 Pa to 5 kPa, the discharge moves from the outside to the inside of the hollow cavity at first and then evacuates from the hollow cathode to the outside with increasing pressure. The transition processes can be produced by changing these three parameters individually. Increasing the applied voltage U 0 or decreasing the ballast resistance R b can have similar effects on the transition characteristics of the low-pressure discharges in a hollow cathode. Discharges inside the hollow cathode only exist in a certain range of gas pressure, and the influence of gas pressure on the transition processes can be determined by inner parameter distributions. It is worth noting that the presented results do not take into account the possibility of the hysteresis effect, e.g., the curve from experimentally measured points going from A ! B ! C could be different from the experiment going from C ! B ! A, which will be the focus of our future work.
